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CLASSICAL AND QUANTUM INTEGRABILITY

MAURICIO D. GARAY AND DUCO VAN STRATEN

ABSTRACT. It is a well-known problem to decide if a classical hamilton-
ian system that is integrable, in the Liouville sense, can be quantised
to a quantum integrable system. We identify the obstructions to do so,
and show that the obstructions vanish under certain conditions.
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INTRODUCTION

Consider the complex symplectic manifold T*C" ~ C?” and let

f:(flv"'afn): CQ”"CH

be a polynomial Liouville integrable system, that is, the f;’s are polynomials for
which the Poisson brackets vanish pairwise:

and dfy A dfa N ... Adf, is not identically equal to zero.

A basic question is the following: does there exist a quantum integrable system
whose classical limit is the given classical integrable system?

In other words, we ask for the existence of commuting h-differential operators
Fy, ..., F, whose principal symbols are the given f1, ..., f,. This question makes
sense not only in the polynomial context, but also in the holomorphic and in the
real C'* setting. We consider the algebraic and holomorphic problems but the C'*®
case could be treated as well with the same method, and it is in fact simpler.

In this paper, we attach to f a complex C 7 on C?", together with certain anomaly
classes x € H?(C}) that are obstructions to extend the quantisation to the next
order in A. The quantisation problem can be solved provided that all these classes
vanish. These classes were introduced by the second author in an unpublished work
from which this paper originated [28].

There is a close relation between the complex Cf‘ and the relative de Rham
complex Q} We show that the anomaly classes are of topological nature. This
enables us to prove a GAGA type result: the algebraic quantisation problem can
be solved provided that the corresponding formal or analytic problem can be solved.
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520 M. GARAY AND D. VAN STRATEN

Using this result, we show that the anomalies vanish under reasonable topological
conditions on the map f. For general involutive systems, one can also construct
obstruction classes for the quantisation but, in that case, we were not able to prove
or disprove any quantisation property.

There is a considerable literature on the subject of quantisation, going back to
early days of quantum mechanics, but we will not try to give a complete overview
in this paper. Quantum integrability is regarded sometimes as a remarkable fact
and sometimes — based on heuristic arguments—as the general rule [14], [24]. Tt
seems that the results of this paper can be extended mutatis mutandis to Poisson
manifolds but we did not check all details. Related results can also be found
in [4], [23].

1. THE QUANTISATION THEOREM

1.1. The Heisenberg quantisation. Let K be a field and consider a flat defor-
mation A over K|[[fi]] of a commutative K-algebra B

0—-AL A A/RA~B—0
which is complete in the sense that
A=1limA/R'A
—

Such an algebra A will be called a quantisation of B.
The deformation @) := R[[A]] of the polynomial ring R := Clq, p] := Clq1, - .., qn,
P1, - .-, Pn] is an associative algebra for the normal product

hY, 0,0y
frgi=e" =% f(q, p)old, D P—
It defines a flat deformation of R over C[[#i]]. We have

q*p=qp, pP*xq=qp+h
The algebra Q may be regarded as an algebra of differential operators. Indeed, the
relation
pxq—gqxp=nh
shows that the map
Q — Cla, ho][[A]], (g, p) = (2, hdy)

is an isomorphism of algebras. This quantisation will be called the Heisenberg
quantisation of R.

We shall also consider the Moyal-Weyl quantisation defined by the product
R, 3 (90,0, — 04,0,

w0 f(q, p)g(d, p

— /
frg:=e )|(q:q’,p:z)’)'

It gives a more symmetric formula, namely,
h h
Q*pP=ap— 5 Pxq=qp+ 5
These two quantisations define isomorphic non-commutative algebras.

The formula for the normal and Moyal-Weyl products define quantisations for
the following rings in a similar way:
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(1) the ring Ry := C{q1, ..., qn, P1, - - -, pn} of holomorphic function germs
at the origin in 7*C"™ |

(2) the ring I'(U, Op+c) of holomorphic functions in an open subset U C T*C",

(3) the polynomial ring R[q, p] := R[q1, -, Gn, P1s - -+, Pnl,

(4) the ring Ry := C%° of C'™ function germs at the origin in T*R",

(5) the ring T'(U, C¥gn) of C*° functions in an open subset U C T*R™.

These rings are stalks or global section of sheaves, the notion of quantisation
admits a straightforward variant for sheaves.

These notions are of course classical, going back to the early days of quantum
mechanics when Born, Heisenberg, Jordan and Dirac proposed to replace the com-
mutative algebra of hamiltonian mechanics by the non-commutative one over the
Heisenberg algebra [3], [7] (see also [27]). The idea was pursued by Moyal and lead
Bayen—Flato—Fronsdal-Lichnerowicz—Sternheimer to the general idea of star prod-
ucts on symplectic manifolds [2], [21]. The classical link between star products and
non-commutative algebras was re-phrased into modern terminology by Deligne [6].

1.2. The quantisation problem. We consider the following problem: let A be a

quantisation of an algebra B and let f1, ..., fr be elements in the ring B. Under
which condition can we find commuting elements Fy, ..., Fi in A such that F; = f;
(mod h)?

In such a situation, we call Fy, ..., Fy a quantisation of fi, ..., fr. From the
point of view of classical quantum mechanics, this would mean if it is possible to
measure simultaneously the quantities Fy, ..., Fj.

There is an obvious obstruction to perform a quantisation of fi, ..., fi that we

shall now explain. The canonical projection
c:A— A/hRA=DB

is called the principal symbol. The result of commuting two elements I, G € A is
divisible by A and its class mod A% only depends on the symbols f = o(F) and
g = o(G). In this way, one obtains a well-defined Poisson algebra structure { -, -}
on B by putting

{f, gk = 3IF G (mod B)

Recall that this means that this bracket is antisymmetric, satisfies the Jacobi iden-
tity and is a derivation on B in both variables. For the Heisenberg quantisation,
we get the standard formula

i=1

Definition 1. A collection of elements f = (f1, ..., fx) of a Poisson algebra B is
called an involutive system if the elements Poisson-commute pairwise.

Obviously the answer to our problem can be positive only for involutive systems.
Therefore we reformulate our original question into the following: let A be a quan-
tisation of an algebra B and let f = (f1, ..., fx) be an involutive system in the
ring B. Under which conditions can we find commuting elements Fy, ..., Fy in A

such that F; = f; (mod h)?
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The obstruction for performing this quantisation lies in some cohomology space,
that we shall now describe.

1.3. The complex C}. If M is a module over an algebra 7" and Dy, ..., Dy :
M — M are commuting T-linear mappings, one can form a “Koszul complex”.

The terms of the complex are K7 := M ® A’T* and the differential is defined
by

k
d(m @)= ZDi(m) ®(e; Av), veEMer A\ T,
i=1
where e; = (1,0, ...,0), ..., e, = (0, ..., 0, 1) denotes the canonical basis in T*.
Now, let f = (f1, ..., fx) be an involutive system in a Poisson algebra B over
C and T = Clty, ..., t] the polynomial ring in k variables. We apply the above

contruction for M = B, together with the T-module structure given by the ring
monomorphism

T_>Ba ti’_)fi

and the T-linear mappings D; = {f;, - }. This gives a complex that we will denote
by C';. We use the identification

Bor N\ TF~ \* B*

induced by the multiplication mapping.

Note that the differential in the complex (C}, 0) is, as a general rule, only 7T-
linear and not B-linear. As a result, the above cohomology groups have, in general,
only the structure of T-modules and not of B-modules. This structure is defined
by

ti[m] := [fim],
where [m] denotes the cohomology class of the cocycle m.

Notation. The cohomology module of the complex (C}, 0) will be denoted by
HP (f).

It is readily seen that the module H®(f) consists of functions commuting with
the components of f and that H!(f) is the space of infinitesimal deformations of
B over T[e]/(¢%) modulo deformations which are Poisson-trivial [10], [26].

Similar considerations hold for the rings R[q, p|, Ran, Roo, I'(U, Or+cn), and
P(U, O g ):

1.4. The case of involutive systems over R = Cl[q, p]. Let us now consider
the previous construction for the particular case of the Poisson algebra B = R =

Clg1, - -+ qn, P1, - - -, Pn)- In this case, a more intrinsic description of the complex
can be given as follows.
Denote by

k
Or = Derc(T, T) ~ @T@ti ~ Tk
i=1
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the module of vector fields on C* = Spec(T). There is a unique differential §
extending the map 6h = {h, -} so that the graded algebra f* A ©Or becomes a
differential graded algebra. The map

f*GTHC}'a at-; = €5
extends to an isomorphism of differential graded algebra between f* A* ©r and C 7
1.5. Statement of the theorem. We put R = C[q1, ..., qn, P1, - -+, Dnl-

Definition 2. An involutive system f = (f1, ..., fn), fi € R, is called an inte-
grable system if dfy A ... Adf, is not identically zero.

Remark that, for an integrable system, the generic fibres of the morphism
f: Spec(R) — Spec(T),

are smooth of dimension n. The main result of this paper is the following theorem.

Theorem 1. Let f = (f1, ..., fn), fi € R be an integrable system. If the module
H?(f) is torsion free, then the integrable system f is quantisable, i.c., there exists
commuting elements Fy, ..., F,, € Q = R[[h]] such that F; = f; (mod h).

Analogous results hold for the rings R[q, p], Ran, Roo, I'(U, Op«cn ), T(U, CXgn).

It seems that the module H?(f) is torsion free under mild assumption but no
result in this direction is known for the moment. From our point view, this is the
main problem concerning lagrangian deformation theory.

A priori, the quantisation of an integrable system leads to infinite series in A. In
the classical examples, the integrable system is quasi-homogeneous and the weight
of the obstruction that we will construct decreases at each step. The quantisation
is then given by polynomials in % and not by infinite series.!

2. ANOMALY CLASSES AND TOPOLOGICAL OBSTRUCTIONS

2.1. Liftings and quantisation. Let us come back to the general problem of
quantising an involutive system given a quantisation A of a K-algebra B.

We have seen that a quantisation of B induces a Poisson algebra structure on
it. The K[[h]]-algebra A is itself a non-commutative Poisson algebra, the Poisson
bracket being defined by the formula

(F, G} = %[F, Gl.

In fact, the non-commutative algebras obtained by higher order truncations
A= A/RTIA 1>0
also admit Poisson algebra structures. The Poisson bracket in A; is defined by
1
{ou(F), (@)} = (7 [F. G).

where 0;: A — A; denotes the canonical projection. In the sequel, we abuse nota-
tions and denote these different Poisson brackets in the same way.

LThis was pointed out to us by A. Chervov and M. Semmel.
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From the flatness property, one obtains exact sequences
0—-B— A4 —A4—0
induced by the identification
YA ~ BRI ~ B

We will use this identification without further mention.
We try to construct quantisations of an involutive system f = (f1, ..., fx) order
for order in A.

Definition 3. An [-lifting of an involutive system f = (fi, ..., fx), fi € Bis a
collection of Poisson commuting elements F' = (Fy, ..., Fy), F; € A; such that the
principal symbol of F; is f;. The lifting F' is called extendable if there exists an
(I + 1)-lifting which projects to F'.

2.2. Cohomological obstruction to quantisation. Consider an arbitrary I[-
lifting F' of our involutive mapping f. Take any elements Gy, ..., Gp € A
which project to Fi, ..., Fy. As the F;’s Poisson commute in A;, we have
{Gi, GJ} = XijhlJrl.
Proposition 1. The element x(G) := 3 xijei A ej has the following properties
(1) it defines a 2-cocycle in the complex C7,

(2) its cohomology class depends only on the l-lifting F and not on the choice
of G.

Proof. Write
X(G) = Z Xij€i Nej,  Xij € B
1,520

with hlJrlXij ={G,, Gj}

We have

ox(GQ) = Z vijiei Nej A e
1,5,020

with Altlv; = A, i} = {{Gi, G;}, Gi}. Therefore the Jacobi identity
implies that v;5 + vy;; + v, = 0. This proves that x is a cocycle.

Now, take G4, ..., Gy € A;41 which also project to Fi, ..., F}, then G; =
Gj+h*1m; for some my, ..., my € B. Consider the 2-cocycle x(G) = Y XijeiAej
associated to GG. One then has:

{Gi+ 1" 'my, Gy + W my ) = xa BT 4+ BTN f, my A+ {ma, £i)).

We get the equality x(é) = x(GQ) + 6(m), where m = Zi-c:l mie; = (my, ..., mg),
therefore the cohomology class of x(G) depends only on F and not on G. This
concludes the proof of the proposition. O

Definition 4. The cohomology class xr := [x(G)] € H?(f) is called the anomaly
class associated to the [-lifting F'.

Summing up our construction one has the following result.
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Proposition 2. Let f = (f1, ..., fx) be an involutive map and F an l-lifting
F:(Fla "'aFk) Off

(i) the lifing F extends if and only if the anomaly class xr € H?(f) vanishes.
(ii) of m, G are such that xp = x(G) = dm, then the mapping

Ker(C} LN C)%) — Ay, ne G =R (m4n)
induces a bijection between the set of liftings and the set of degree 1 cocycles.

Proof. Take G1, ..., G € Aj41 which project to Fy, ..., F, € A;. The anomaly
class xr € H?(f) vanishes, thus there exists

m=(mq, ..., my) € B

such that x(G) = ém. The map G — A'*'m is an (I + 1)-lifting of f. Conversely
assume that the [-lifting F' admits an (I 4 1)-lifting G, then x(G) = 0 and a fortiori
its cohomology class vanishes. O

2.3. Pyramidal mappings. To conclude this section, let us mention a finiteness
result concerning the complex C'7 in analytic geometry, it will not be used in the
sequel.

Recall that a lagrangian variety L C M on a symplectic manifold M is a re-
duced analytic space of pure dimension n such that the symplectic form vanishes
on the smooth part of L. The smooth fibres of an integrable systems are lagrangian
manifolds.

Denote by vq, ..., v, the hamiltonian vector fields of f1, ..., f, and put

My (f) ={z € M: dimSpan{vi(x), ..., v,(x)} = k}.
Definition 5 [26]. An integrable system is called pyramidal if
dim My (f) < k.

If n = 1, then being pyramidal is equivalent to having isolated critical points.

There is a natural notion of a standard representative of a germ of a pyramidal
mapping: it is a pyramidal Stein representative f: M — S such that the fibres of
f are transverse to the boundary of M and all spheres centred at the origin are
transverse to the special fibre.

Theorem 2 [10], [26]. The direct image sheaves of the complex C} associated to a
standard representative of a pyramidal integrable holomorphic mapping are coherent
and the mapping obtained by restriction to the origin

(R*f.CF)o — H*(f) = H*(C} )
s an wsomorphism.

We do not know if conversely f is pyramidal provided that the modules H*(f)
are of finite type.
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3. ALGEBRAIC AND FORMAL QUANTISATIONS

3.1. The analytisation procedure. To any scheme X over C there is an associ-
ated analytic space X?". The underlying sets X and X" are the same, but while
X is equipped with the Zariski topology, the space X" is endowed with the usual
metric topology. Any algebraic coherent sheaf F on X gives rise to a sheaf 7’ on
X2, The stalks of F and F’ at each point are equal. Following Serre [25], we
define

]:an = .7:/ ® Oxan,

where the tensor product is taken over O%.

Proposition 3 [25]. (a) The mapping from the category of algebraic coherent
sheaves to that of analytic coherent sheaves

Coh(X) — Coh(X™")
is an exact functor;
(b) the homomorphism F' — F* is injective.
3.2. GAGA principle for quantisation. Consider the algebra R=C|q1, ..., gn,
Pi, ..., pn) and the ring T=C[ty, ..., t,]. Any polynomial mapping f=(f1, ..., fn)
defines a morphism
f: C*" :=Spec(R) — C" := Spec(T),

where C?" and C" are endowed with the Zariski topology. Now, by the analyti-
sation procedure, any polynomial defines an analytic function that we denote by
f2. There is a corresponding analytic Koszul complex attached to f** whose
cohomology we denote by H*(f?"). In this way, we get a mapping

H(f) = H*(f*),  x—x™
To prove Theorem 1, we use the following GAGA type result
Proposition 4. Let f = (f1, ..., fn), fi € R=Clq1, ..., qn, D1, ---, Dn], be an

integrable system such that the module H?(f) is torsion free. For any anomaly class
[x] € H2(f) the following assertions are equivalent:

(i) the class x vanishes in H*(f);
(i) the class x* vanishes in H?(f*).

In Sections 3.3 and 3.4, we prove this proposition by reduction to standard
GAGA type results due in this case to Deligne, based on resolution of singularities
[5, Theorem 6.13] (see also [11], [15], [25]).

3.3. Relation with the de Rham complex. We keep the same notations.
The de Rham complex 23, T is defined by

Q%/T =R, Q}B/T = Q}%/f*QlT’ Q]IC%/T = /\k Q}B/T
and the differential is the usual exterior differential.
An element of Q% 7 is therefore an algebraic k-form in the ¢, p variables defined
modulo forms of the type dfi A ay + -+ -+ df, N ay:

QII%/T = Q%/f*QlT A Q;“;l’ for k > 0, Q%/T = R.
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We define a morphism of differential graded algebras
p*: (Q}%/T, d) — (C}, 9).

The interior product

V= LW
of a vector field v with the symplectic form w := Y | dg; A dp; induces an iso-
morphism between the space of one-forms Q}, and that of vector fields O :=

Derc(R, R).
The hamiltonian vector field associated to a function H € R is the field associated
to dH € Q}, it is given by the formula

Z Dy, HOy, — 0y, HO,,.
=1

Denote by vy, ..., v, the hamiltonian vector fields of the functions fi, ..., f,, the
mapping

Q}%/T = C;~R®rOr, am (iya,...,i,q)
induces a morphism of graded algebras
k k
¢t A Q}%/T = QI;R{/T A C} = C}C-

It is readily checked that these maps commute with differentials. This defines the
map

@ (Q;%/Ta d) — (C}a 6)

The relative de Rham complex and the complex C’JZ can both be sheafified to
complexes (C}, ), (2%, d) on the affine space C*" = Spec(R).

Proposition 5. If the morphism f: Spec(R) — Spec(T') is smooth at a point then
the map °: (Q}, d) — (C’JZ, d) is an isomorphism of differential graded algebras at
this point.

Proof. As ¢*® is a map of differential graded algebras and ¢" = Id, it is sufficient to
show that ¢! is an isomorphism. Let 2 be a smooth point of f. Consider the map
from the absolute de Rham complex to C}:

1 1 : :
Qeon p = Cp oy @ (g0, .oy iy, Q).

The module Q}C%’I is free with basis dq1, ..., dqn, dp1, ..., dp,. In this basis, the
mapping ¢! is identified with the Jacobian matrix of f, therefore by the jacobian
criterion for smoothness, this map is surjective.

As the df; are contained in the kernel of this map, this shows that ¢! is surjective.
As the modules Q}z and C},x are free of the same rank, this shows that ¢! is an
isomorphism and proves the proposition. (I
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3.4. Proof of Proposition 4. A theorem due to Deligne states that there exists
a dense Zariski open subset S C C™ such that [5, Theorem 6.13] (see also [11]):

(i) the map g defined by restricting f above S is smooth;
ii) there is a canonical isomorphism (RFg,Q*)2* = RFg2rQeen:
* 2t
(iii) the direct image sheaf R¥g,C is locally constant.

There is an isomorphism
H(f) =~ HE(C*, C}),

induced by the vanishing of higher cohomology groups for the coherent sheaves over
an affine scheme, and

H*(C?", C}) =T(C™, R*£.C}).
Proposition 5 gives an isomorphism

o~ Q.

The situation is summarised by the chain of maps (where we use the notation ~
for isomorphisms and — for monomorphisms)

HF(f) & HF(C?, C;) 5 T(C, RY£.CH) 5 T(S, RFg.C;)
ZT(S, RFg.Q2) «— T(S™, R¥g"C @ OF),

g

where 7 denotes the restriction. For any point s € S, we get an evaluation map
L(5*, REgi"C © OF') — H*(f~'(s), C);

thus, the last term in the sequence can be interpreted as the sheaf of sections of
the cohomology bundle

UH (). 0) = S

seS

Conclusion: To each element of H*(f) is associated a section of the cohomology
bundle.

The image of an anomaly class xy will be a called the associated topological
anomaly, denoted xtop. If H2(f) is a torsion free module, there is no section
supported on a proper subset and the map r is also injective, so we get the

Proposition 6. Let f = (f1, ..., fu), fi € R=Clq1, ..., qn, D1, -, Dn] be an
integrable system. If the module H?(f) is torsion free then the following assertions
are equivalent:

(i) the anomaly class x € H*(f) vanishes;
(ii) the topological anomaly Xiop € T'(S, R¥g22C) @ O vanishes.

This proposition implies Proposition 4.
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3.5. Examples. To give a clear idea of the isomorphisms involved in the previous
subsection, let us consider two examples.

Take n = 1, f = pq, the complexes (C}, 0), (2}, d) have respectively two and
three terms:

d d
Ocs 0l 02

C? =~ Oc> —6>C} ~ Opz — 0.
The hamiltonian vector field of f is
X 1= q0q — pOp.
Therefore, the map ¢! sends the one-form pdq € T'(C?, Q}) to the cocycle
pdg.X = pq € T(C?, C})

The section of the cohomology bundle associated to pg € C} is obtained by re-
stricting the class of the form pdg to the fibres of f. The section associated to
1 = pg/pq € C’} is obtained by restricting the class of the meromorphic form
pdq/pq = dq/q to the fibres of f. It is not contained in the image of (!.

The class [dgq/q] generates the first de Rham cohomology group of the fibre,
which is in this case one dimensional. Of course any multiple of [dg/q], such as
[pdq] = t[dq/q], also generates this group. There is no H?(f) group for n = 1 and
the problem of quantising an integrable system is in this case empty.

Take now n = 2 and f1 = p1q1, fo = p2g2. The complex (C}, 0) has three terms
and we obtain a diagram

d

O Ol

- bk

€)= Ops —>Ch = 02, —2> C3 ~ O
The hamiltonian vector field of f; is
X = Qiaqi - piapi'
The map ¢! sends the one-form p; dq; € T'(C?, Q}) to the cocycle

(p1dg1- X1, padge. X1) = (prau, 0) € T(C*, C})

and pa dga to (0, pag2). Thus, the sections of the cohomology bundle associated to
the cocycles
(1,0), (0, 1) e I(C*, C5)

are obtained by restricting the cohomology classes of the forms dq1/q1 and dga/q2
to the fibres of f.

The classes [dg1/q1] and [dga2/q2] generate the first de Rham cohomology group
of the fibre, which is in this case of dimension two.

The section of the cohomology bundle associated to (1, 0) A (0, 1) € T(C*, C3) is
obtained by restricting the cohomology class of the form dgy Adga/q1¢2 to the fibres
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of f. The corresponding class generates the second de Rham cohomology group,
which is of dimension 1.

The integrable system f = (f1, f2) is obviously quantisable: just take F} = fi,
F2 = f2.

3.6. Formal quantisation. Recall that if X C Y is a closed subscheme defined
by an ideal sheaf I, then the formal neighborhood Y of X in Y (also called the
completion of Y along X) consists of the topological space X together with the
structure sheaf

O? = @Oy/["

A ringed spaced obtained by completing a scheme is called a formal scheme. In the
analytic situation, we get a similar definition of formal analytic spaces.

Given an integrable system f = (f1, ..., fn), fi € R = Clq, p]. For any s =
(s1, 82, -, sn) € C", we can consider the formal neighborhood of the fibre f~1(s)
in C2". Hence we consider the completion

R, =lim R/I",
—

where I is the ideal generated by f1 —s1, ..., fn — sn. We denote by g5 € és the
image of g € R.

The ring ES carries a Poisson structure induced by that of R and any quantisation
of R induces a quantisation of its completion. Let us consider the normal product
on R[[A]].

Proposition 7. Let f = (f1, ..., fu), fi € R=Clq, ..., qn, D1, -, Dn] be an
integrable system. Let x be a anomaly class associated to a lifting

F=(F,...,F,), F, €R[h]/A"TR[H).
If the module H?(f) is torsion free then the following assertions are equivalent:

(i) the anomaly class x € H*(f) vanishes;
(i) there exists a Zariski dense subset S C C™ such that Fs = (Fs 1, ..., Fsp),

F,; € Ry[[B)]/h" ' R,[[h]] can be extended for s € S.

By Proposition 6(i) is equivalent to the vanishing of the topological anomaly X op-
As the topological anomaly is a section of a torsion free module and S is Zariski
dense in C", it vanishes provided that the anomaly associated to Fs vanishes for
any s € S. By Proposition 2, this is equivalent to the existence of an extension.

An analoguous statement holds in the analytic case.

Remark that if we take S as in Section 3.4, then Deligne’s theorem implies that
condition (ii) is equivalent to the existence of one point s € S over which Fy can
be extended.

4. DARBOUX—WEINSTEIN NORMAL FORMS

4.1. General remarks. We introduce symplectic geometry over an arbitrary base
in the algebraic context and prove a relative version of the Darboux—Weinstein
theorem [29]. We will see that the graph of an integrable system defines a lagrangian
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variety and that the Arnold-Liouville theorem is a consequence of the relative
Darboux—Weinstein theorem.

In the C*° case, the relative Darboux—Weinstein theorem can be obtained along
the lines of Weinstein’s proof. There is however an important difference between
the C*° case and the algebraic case: if X is a smooth compact submanifold of
euclidean space R™ then a sufficiently small tubular neighbourhood of X in R™ is
isomorphic to a neighbourhood of its zero section on the normal bundle. This is
the content of the tubular neighbourhood theorem and this theorem is needed to
prove the Darboux—Weinstein theorem. A similar theorem is true for relatively
compact Stein manifolds with sufficiently regular boundary. However, for general
Stein manifolds in complex geometry as well as for affine manifolds in algebraic
geometry, the statement is of course wrong and this is the reason for which the
algebraic case is more difficult.

Consider, for instance, the pencil of plane cubics

Co = {(=, y)6622y2+x3+aaz+a:0}_

The modulus of the corresponding compactified curve varies according to the value
of a and therefore the affine curves C, are not isomorphic as complex analytic man-
ifolds. If a neighbourhood of C,, a # 0 in C? were isomorphic to a neighbourhood
of its zero section in the normal bundle, even for the metric topology on C?, then
the curve Cj would be isomorphic to C, for b sufficiently close to a. One overcomes
this difficulty by passing to formal geometry [13].

4.2. The algebraic tubular neighbourhood theorem. We fix a scheme S over
a field K of characteristic zero and consider the category of schemes over S.

Proposition 8. Let X and M be smooth S-schemes and X — M be a closed
embedding. If X is affine over S then the completion of M along X is isomorphic
to the completion of the normal space to X along its zero-section.

Any algebraic vector bundle £ — X defines a sheaf of sections which is locally
free. The structure sheaf of E' is related to the sheaf of sections of the bundle via
the formula

Op ~ Sym(F*), Sym(F"):= @ (]-"* Qs s }**),
—

n=0 n

Sym(—) denotes the symmetric tensor algebra and F* = Homp, (F, Ox).
Denote by Z the ideal sheaf defining X in M. The sheaf of sections of the normal
bundle to X in M

N — X
is given by (Z/Z?)*. If X is smooth then Z/Z? is locally free and the standard
embedding
I/7* — ((Z/7%)")"
is an isomorphism. Therefore the structure sheaf of the total space to the normal
bundle of X is isomorphic to the symmetric algebra Sym(Z/Z?). By identifying the
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symmetric product with symmetric tensors via the mapping

1
a1®s"'®san'_>ﬁ Z Og(1) @+ @ Ag(n),

" oEeS,
we get an isomorphism of sheaves
Sym(Z/1%) ~ P17 /T"
n=0
(This isomorphism is the only where we shall use the property that we are working
over a field of characteristic zero.)

This shows that by identifying X with the zero section of its normal bundle,
the completions M and N of M and N along X define isomorphic sheaves of Og-
modules on X. To prove the proposition, we have to show that the global sections
on X of these sheaves are isomorphic algebras.

Assume first that X is a complete intersection generated by fi, ..., f, and fix
k > 0. Let S = Spec(A) and consider the algebra consisting of polynomials in n
variables with coefficients in A:

Ale] = A®k Kley, ..., &n].
Denote by M the ideal generated by the coordinates €1, ..., ¢, and define the
algebra Ay := A[e]/MPF. Finally put
R=T(X, 0Ouy), I:=7(X,1),
so that M = Spec(R) and X = Spec(R/I). The morphism
A — R/, g0 f;

endows the ring R/I* of an algebra structure over A;. By the jacobian criterion for
smoothness, this algebra is formally smooth. By the definition of formal smooth-

ness, there is mapping
o: R/I* — R/T*!

which is a right-inverse to the canonical projection [12](see also [19]). This mappings
splits the exact sequence of algebras

0— I/ 1%t - R/I*Y = R/IF — 0,
and gives a decomposition into a graded sum of algebras
R/IFT ~ R/TF @ IF /TFHY.

This proves the proposition in case X is a complete intersection.
To treat the general case, consider the quotient sheaf on X:

fk = OM/Ik.

Cover X by open affine neighbourhoods X; such that X; is a complete intersection.
As X is affine, we get an exact sequence

0 — DXy, Zi) — I'(Xy, Om) — T(Xs, Fi) — 0;
therefore on each X;, we can chose a splitting

;. F(Xi, fk) — F(Xi, fk+1)
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of the exact sequence
0 — I(X;, ZF /T — T(Xi, Frgr) — D(Xi, Fr) — 0.

The difference 0;; = 0; — 0 is a global section of Der(Fy, ZF/Z*+1) over X;; =
X;NX;. In this way we constructed a Cech cocycle

(0i) € H (X, Der(Fy, ZF/TF+1)).

As the scheme X is affine and the sheaf Der(Fy, Z%/Z%+1)) is coherent, this Cech
cohomology group vanishes, thus the Cech-cocycle is a coboundary:

(0i5) = 6(c).

The maps 0; — a; on X; are equal on X;; and therefore define a global splitting.
This proves the proposition.

4.3. Relative symplectic geometry. Let M be an S-scheme
MZ s

Definition 6. An S-symplectic scheme (M, w) is a scheme (resp. formal scheme,
analytic space) together with a closed relative 2-form w € Q?M /s which induces a
sheaf isomorphism

1 .
Onyss — Mgy Vi dyw.

Two symplectic S-schemes M, M’ are symplectomorphic if there is an isomor-
phism from M to M’ which sends one symplectic form to the other.

A subscheme over S in M is called lagrangian if it is defined by an involutive
ideal sheaf and if it has half the dimension of M over S.

The symplectic form vanishes on the smooth locus of lagrangian subschemes. To
see it denote by x € Spec(R) a smooth closed point of the lagrangian subscheme.
Let f1, ..., fn generate the ideal of the scheme at  and X; the hamiltonian vector
field associated to f;. The vectors X;(x)’s form a basis of sections the tangent plane
to

o~

L=f"'(s), s&Spec(T)

at the point z and
w(Xi, X;) ={fi, f;} =0.

This proves the assertion.
The fibres of an integrable system

f = (fla ceey fn) SpeC(R) - SpeC(T)a

R =Clg1, .-y @us P1, -+, pn], T = C[t1, ..., t,] which are of dimension n are
lagrangian (henceforth the generic fibres are lagrangian). The symplectic structure
on Spec(R) induces a symplectic structure on M := Spec(R) x Spec(T) over S :=
Spec(T'), the graph of f is lagrangian subscheme over S.

Similar considerations hold for formal schemes and analytic schemes.
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4.4. The relative Darboux—Weinstein theorem.

Proposition 9. Let i: X — M be a closed embedding between smooth formal S-
schemes with S = Spec(C|[t1, ..., tx]]). Letw;, j =1, 2, be two S-symplectic forms
on M. If X is affine over S then the following conditions are equivalent:
(i) the de Rham cohomology classes of w1 and we on the fibre above 0 € S are
equal;
(ii) there is a symplectomorphism of M which sends wi to wa and is the identity
on X.

Corollary. Any smooth affine formal integrable system

f: X —S8, S=Spec(C[t1, ..., ts]])
is symplectomorphic over S to the projection

LxS—S, L=f*0),

zowhere L x S is endowed with the symplectic form dfy Adty + - + df, A dt,.
Proof. The symplectic structure on X induces a symplectic on M := X x S over S.
The graph of the integrable system defines a lagrangian manifold with special fibre
L the normal bundle of which is trivial. Therefore, the S-scheme X is isomorphic

to the product
LxS, L=f10)

endowed with the projection on S. By the previous proposition, it is also symplec-
tomorphic to it. This proves the corollary. (I

4.5. Proof of Proposition 9. That (ii) implies (i) is obvious, let us prove that
(i) implies (ii).

Consider the n infinitesimal neighbourhood M,, of M. It is the ringed space
supported on the special fibre L with structure sheaf

On, = O /T,

where 7 is the ideal sheaf of L. We prove the proposition by induction on n. For
n = 0, there is nothing to prove. Take n > 0 and assume that the forms w; and
wy are equal on M,,_1. The vanishing of higher cohomology groups for a coherent
sheaf on an affine scheme, induces a canonical isomorphism

H* (M, Q3y,/s,) ~ H*(T'(Mn, Q3 /s,))-
As S'is complete and M is smooth, the sheaf (23, /s is a resolution of Og. Therefore,
we get an isomorphism
H* (M, Q;WS) ~ HAr (L, C) @ C[[t1, ..., ta]]-
This shows the existence of a one-form « such that
wy —we =do, «alpy, , =0.

Denote by X, the hamiltonian vector field of g € Oa,. As « vanishes on M, _1,
the map
Om, = On,, g—g+a-X,
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is an automorphism. It sends the symplectic form w; to ws. This proves the
proposition.

4.6. Action-angle vector fields. We continue the study of the relation between
the relative Darboux theorem and the Arnold-Liouville theorem [1], [17], [20].

Definition 7. Let X be a symplectic scheme (resp. formal symplectic scheme). A
set of pairwise commuting vector fields

X1, ..., X, Y1, ..., Y, € T(X, Der(Ox, Ox))

such that w(X;, Y;) = 6;5 , 4,5 = 1,..., n, is called a set of action-angle vector
fields.

Proposition 10. Let
f: X =8, 5=Spec(C[t]])

be a smooth formal affine integrable system. Denote by X; the hamiltonian field
of fi. There exists vector fields Y1, ..., Y, such that the X;, Y;’s form a set of
action-angle vector fields.

Using the corollary to Proposition 9, we may assume that
(i) X =L xS with L = f~1(0);
(ii) the morphism f is the projection to S;
(iii) the symplectic form is given by df1 A dty + -+ + df, A dty,.
Having made these assumptions we take Y; = 0;,. This concludes the proof of the
proposition.

4.7. Action-angle connections. Consider a set of action-angle vector fields o =
{X1, ..., Y,}. Denote by

m:TM — M
the standard projection. Denote by L, the Lie derivative. The vector fields
X1, ..., Y, define a flat connection on the sheaf of sections of the cotangent bundle
to M

Vx,0:=Lx,0, Vy.o0:=Lyo0,

where o is a section of the holomorphic cotangent bundle, i.e., a holomorphic one-
form defined over some neighbourhood in M. The times of the vector fields provide
flat local coordinates for this connection. This connection is symplectic, that is,

Vw =0

(This flat connection defines a trivial representation of the fundamental group of
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5. QUANTISATION OF FORMAL INTEGRABLE SYSTEMS

5.1. Action-angle star products. To a set 0 = {X3, ..., Y,,} of action-angle
vectors fields, we associate the action-angle star product

LNk ki k vk

frog = ;H(E) (XEfYhg = XEgYEp),

where X*. and Y*. denote respectively the k-th Lie derivative along X and Y.
For instance, the Moyal-Weyl bracket is the action-angle star product associated

to the action-angle vector fields
Xi:apw Yi:aql"

Proposition 11. The action-angle star products on a smooth symplectic analytic
space are all equivalent, i.e., they define isomorphic sheaves of non-commutative
algebras.

We will show that the Fedosov class of action angle star products is equal to
the symplectic form. Then, the proposition will follow from classical results [3,
Theorem 4.3], and [22, Theorem A.12] (see also [9], [23], [30] and [16] for the more
general case of a Poisson manifold). To be self contained, we give a complete proof.
Unlike these authors, we will rather use the tangent bundle and not its completion
nor the associated Fedosov’s Weyl bundle.

5.2. Step one: the Fedosov product. Let (V, w) be a symplectic vector space.
As the symplectic form induces an isomorphism between V and V*, there is a
pairing on V* dual to the symplectic pairing that we denote in the same way.

This symplectic pairing we define a quantisation of the ring of polynomials S(V*)
by putting

h
axb=ab+ §w(a, b), a, beV”,

and extending it to the symmetric powers of V*.

Now, if (M, w) is a symplectic manifold then each tangent plane to M is endowed
with a linear symplectic structure. In this way, we quantise the ring of functions
on the tangent bundle TM of a symplectic manifold M. The restriction to M of
the sheaf (Orpr[[h]], *) gives a sheaf of non-commutative algebras (Orasar[[R]], *)-

For instance if M = C% = {(z, y)} with the symplectic form dx A dy and TM =
C* = {(x, y, &, n)} then the only non-commutative products among linear forms
are

h h
£*n=§n+§, n*€=§n—§,

so the only non-trivial commutator is [€, 1] = h.

5.3. Step two: diagonal functions. Consider a symplectic connection V and
denote by
m:TM — M

the standard projection and by L. the Lie derivative. We identify M with the zero
section of its tangent bundle.
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There is a canonical morphism
P Q}w - OTM\M
which identifies differential one-forms with functions on 7'M wich are linear on the

fibres. We define the sheaf
L:=TImep.

By applying Leibniz rule, the connection induced by V defined on L extends to a
connection 9 on the sheaf Orp/pr. If v is a one form, then

p(Vxa) = 0x(p(a))

for any vector field X on M.
The tangent space T\, . (T'M) at (z, v) € TM sits in a natural exact sequence

0— ToM — Ty (TM) =5 T, M — 0,

where we refer to the left copy of T, M as the vertical subspace, the kernel of the
derivative of the projection 7 at the point (x, v).

In fact, the connection V gives a splitting of the exact sequence which induces
a decomposition of T(, ,y(T'M) into the direct sum of the vertical and horizontal
subspaces.

There is also a canonical connection ¢ on the sheaf Orysa[[R]] defined by the
vertical derivatives

6Xf = Lxl/f’
where X" is the vertical lift of a vector field X on M.
Assume furthermore that V is flat then the connection
D=0+96

on the sheaf Orppa[[h]] satisfies D* = 0. It is called the Fedosov connection
associated to V.

(If V is not flat the construction of the associated Fedosov connection D is
slightly more involved.)

The subsheaf Dy C Oz pyar[[h]] of horizontal sections for the connection D will
be called the sheaf of diagonal functions associated to V. It is defined by

(U, Dy) :=={f € OTM|M[[FL]]: Df =0}
for any open subset U C M. It is, in fact, a sheaf of non-commutative algebras.

It is easy to write down these diagonal functions explicitely in local coordinates.
Consider flat Darboux coordinates

L1y oey Tns Y1y -5 Yn

for the connection V, defined on some open neighbourhood U C M.
The tangent bundle to M has then coordinates z1, ..., y, together with

517"'5&7’17771;"'77771'

In these local coordinates, we have

0= (0x,®dz; + 0,,® dy;)

=1
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and

0=

i

1

n

therefore the diagonal functions over U are of the type

f(xvyagvn):fo(zigayin)

with fo € T(U, O [[R]]).
There is an isomorphism of sheaves

¢: Ouml[il] = Dy

which assigns to a function fy the unique diagonal function f whose restriction to
the zero section coincides with fy. Via this isomorphism, we get a star product xa
on Oy, defined by:

Y(f *y 9) = 0(f) x¥(g)-

5.4. Action angle star products. Assume now that the connection V is asso-
ciated to a set

O—:{leXQa"'aXn;Yh}/Qv"'aYn}

of action-angle vector fields. There are two star products on Oy;: the action-angle
star product ., associated to o and the star product ¢ induced by the connection.
Let us show that these star products are the same.

The diagonal functions can be locally expressed in explicit form. Let X1, ..., Y,
be the horizontal vector fields which lift X3, ..., Y,. By mapping the action-angle
vector fields into the vertical subspace T, M C T{, )M, we obtain vertical vector
fields X7/, ..., Y. on TM.

We have

Xif+X/'f =0,

Vi=1,...,n
}/i/f+}/i//f:0

fer(U, Dy) — {

for any open subset U C M.

The vector fields X/, X!, Y/, Y/ are derivations of the non-commutative alge-
bras of (OT]\/I|M[[h]]; *).

The times of the vector fields X1, ..., X,, Y1, ..., Y, induce flat local coordi-
nates

xl)"'7‘/1;77/’y1’"'7y77/)§1)"'7677/)771""7,’777/

on T'M as above. In these local coordinates, we have

X! =0,, X/=0,, Y/ =0, Y'=0

[ 2 i -

The mapping of sheaves
¥: (Ouml[h]]; o) = (Dv, *v)

which assigns to a function fy the unique diagonal function f, whose restriction to
the zero section coincides with fj is a an isomorphism of non-commutative algebras.
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To see it consider local coordinates in 7'M as above. The linear forms y;, z; €
(U, On|[R]]) are mapped via ¢ to the linear forms y; — n;, x; — & € I'(U, Dv).
We have

T %o Yj = TiY; + hdy;
and

(zi — &) * (yj —n5) = (@ — &) (y; —n5) + hdij.

5.5. The diagonal resolution. Let us keep the same notation and denote by
Q*(D) the de Rham complex associated to the flat connection (O asl[R]], D)

restricted to M. It is a complex of sheaves with terms Qf; ® Oraya[[7]] and the
differential defined by

5i: Ql®OTM‘M - QH_l ®OTM|M;
a®frda® f+(-1)'a® Df.

A local computation shows that this complex is a resolution of the sheaf Dy.
Indeed the vector subspace

Sym(£L) C Orpria|[[P]

is a dense vector subspace which is graded by the degree, and in each graded part
the de Rham complex complex associated to D is just the usual de Rham complex
of M with values in C[[A]]. The image of ¢ is closed (see, e.g., [18, Proposition 1.1]).
It contains a dense subset, it is therefore surjective.

Proposition 12. If M is a Stein manifold then the complex of global sections
0 — D(M, Orarar) — DM, Q3 (D)) — -+ — T(M, Qf(D)) — 0
is a resolution of T'(M, Dy).
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As the complex Q3 (D) defines a resolution of the sheaf Dy, we have a canonical
isomorphism

H'(M, Dy) ~ H'(M, Q3,(D))

As a sheaf of abelian groups, the sheaf Dy is isomorphic to Oy, the vanishing of
the higher order coherent cohomologies on a Stein manifold induce a isomorphisms
shows that

H (M, Q3,(D)) =0, i>0.

Finally as M is Stein these hypercohomology groups are computed by global sec-
tions. This proves the proposition.

5.6. Step three: construction of the isomorphism. Let V, V' be two flat
symplectic connections on the cotangent sheaf Q1,[[A]]. As we saw previously,
these connections induce two Fedosov connections D, D’ on the sheaf Orpp[[f]].
The difference D — D’ is a one-form in M with value in CJ[[h]]:

D — D' e T(TM, QU [[R])
As D and D’ are flat connections this one-form is closed and therefore the connec-
tion
Dy =D+t(D—D')

on T'M is also flat for any t € C.

(In local coordinates, a connection is flat if it is given by a connection matrix
A such that dA + AN A = 0. For line bundles, this condition, which is in general
quadratic, reduces to the linear one dA = 0.)

The manifold M is equipped with a symplectic structure, therefore the fibres of
the projection

m:TM — M

also carry a symplectic structure and thus a Poisson bracket that we denote by
{-,-}. In Darboux local coordinates (z, y, &, n), we have

i=1
Lemma. The one-form o = D — D' is of the form a = (1/h)[-, ], where v €
[D(TM, Sym*(£) ® Q) is a differential form which is quadratic along the fibres of
m: M — M.
Proof. The homomorphism V — V' defines a mapping in

Homo,, (Q}Vlv Q}W ® Q}V[)
and we have canonical isomorphisms
HomOM (Q}Wa Q}W ® Q}V[) = HomOM (Ea L® Q}V[)

and
Homo,, (£, £L® Q},) ~T(M, Hom(L, £) ® Q).

As the connections V, V’ are symplectic, the one-form corresponding to V — V'
takes values in the dual of the Lie algebra to the symplectic group, which is
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isomorphic to Sym?(£) equipped with the Poisson bracket. Thus there exists
vy € T(M, Sym?(L) @ Q) such that

o(f) = (£, 7} = 117,

for any section f of the sheaf £. This proves the lemma. (]

We now search for a one parameter family of automorphisms (p;) of the algebra
(M, Opaga([R]], %) such that

(p1)+ Dy = Do

for t sufficiently small. Differentiating with respect to ¢t and multiplying by the
inverse of ¢; and by A, we get the equation

[DiHy, -]+ [+, 7] =0,

where H; is the hamiltonian associated to ;. Therefore our purpose is to find H;
solving this equation, then by integration of the Heisenberg equations, we deduce
the automorphisms (¢y).

As D? = 0, we have

d d
D, %D (—D)D —[., D] =0,
v t =+ 7t ) P [ 7]

thus Dyy = 0.

By Proposition 12, the de Rham complex of D; is acyclic in positive degrees.
Thus, there exists H; € I'(M, Oy ar|[h]]) such that

v = Dth.

This shows that there exists dg > 0 such that the algebras of diagonal functions
associated to Dy and D, are isomorphic for || < do.

The same argument might be repeated starting for any initial value, that is, for
any € € [0, 1] there exists §. > 0 such that the algebras associated to D. and D+
are isomorphic for |t| < d.. This shows that the algebras associated to Dy and Dy
are isomorphic and concludes the proof of the proposition.

5.7. Isomorphic liftings. Let f = (f1, ..., fa), fi € R = C|g, p] be an inte-
grable system. Let I be the ideal generated by the components of f and R be the
formal completion of R along I. The Moyal-Weyl star product on R induces a star
product on R[[h]] and therefore a quantisation.

The morphism f induces a morphism

F: Spec(R) — Spec(C[[H]]).

We say that two [-liftings of fare equivalent if they are conjugated by an automor-
phism of the Poisson algebra R[[A]]/A* R[[A]].

Proposition 13. If J? is smooth then all l-liftings of J? are equivalent.
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As L is lagrangian, by Proposition 9, this implies that the mapping
f+ Spec(R) — Spec(Cl[t]])
is symplectomorphic to the projection
m: L x Spec(C[[t]]) — Spec(C[[t]]), L =V(I),
where L x Spec(C][t]]) is endowed with the symplectic structure
dfy Adty + -+ dfn A dty.
By Proposition 11, the star product induced on L x Spec(C|[[t]]) by the Moyal—

Weyl product is isomorphic to that associated to the set of action-angle vector
fields

o={Xy, ..., Y.}, Yi:i=0,.
It is therefore sufficient to prove that all [-liftings of 7 are equivalent for the star-
product associated to o.
As the X;’s are tangent to the fibres of 7, the image of 7 under the inclusion
R — R[[n]]
is a quantisation of 7. The projection

R[[R]) — R[[R)) /R R[A]

maps 7 to an [-lifting that we denote in the same way. According to Proposition 2

any other [-lifting F = (Fy, ..., F,,) of 7 is of the form
Fy :7T1+hlgla ER) F, :7Tj+hlgja F, :7Tn+hlgna
where g = (g1, ..., gn) € CL is closed. As 7 is smooth, there is an isomorphism

Cl ~ QL which maps g to the closed one-form

n
o = Z gidti.
i=1

The symplectic form induces an isomorphism between one-forms and vector fields.
We denote by ¢! be the flow at time ¢ of the hamiltonian vector field associated to
the one-form «.

The automorphism ¢! taken at t = A' maps the trivial I-lifting 7 to F. This
proves the proposition.

(If we write locally « = dH, using the star-exponential, this automorphism is
locally given by the formula

A exp,(K"1H) A exp, (R 7 H).)
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5.8. Proof of Theorem 1. Let f = (f1, ..., fn), fi € R = C|q, p] be the in-
tegrable system that we want to quantise and s = (s1, ..., s,) a regular value of
f. Let I be the ideal of the lagrangian manifold L generated by the f; —s; and
R be the formal completion of R along I. The Moyal-Weyl star product on R[N
induces a star product on R[[A]] that we denote by *.

By Proposition 2, it is sufficient to prove that all the anomaly classes in R vanish.
According to Proposition 7, it is sufficient to prove that all the anomaly classes in
R vanish, which means that any [-lifting

G=(G,...,Gy), GiecR[Rn]/A'R

extends. R
By Proposition 10, we may find a set of action-angle vector fields on Spec(R)

U:{Xla"'aXn;YVla"an}a

where Xj; is the hamiltonian vector field associated to f;. These vector fields define
a star product ..

As the Moyal-Weyl star product is the action-angle star product associated to
the action-angle vector fields

Opys oy Oy Ogrs s Oy

Thus, we get two different star products on the algebra R[[h]].
Using the corollary to Proposition 9, the integrable system f is symplectomorphic
to the formal completion at the origin to the projection

LxS—S, S=Spec(Clty, ..., ty])
with the symplectic form is given by df; A dty + - - - + df, A dt,,. Put
R :=1im (U, Ony ), U D L™,

where U runs overs the open subset containing L*". By Proposition 4, it is sufficient
to show that the analytic anomaly class x*" € R?*" vanishes.
By Proposition 11, there exists an isomorphism of non-commutative algebras

@: (R™[[A]], x) — (R*[[A]], *o)-
In the algebra (R**[[R]], *¢), there is a quantisation of f given by f itself via the

embedding
Ran N Ran [[h]]

The projection
R*™[[]] — R*™([]/n"* R*"([n]]

maps f to alifting f; € R**[[A]]/A T R**[[A]] which is, by Proposition 13, isomorphic
to the lifting ¢(G). The projection of f to R*"[[A]]/h!*+2R**[[h]] defines an extension
fis1 of fi, therefore G extends. This shows that the topological anomaly class
attached to G is trivial. By Proposition 4, this concludes the proof of the theorem.

Acknowledgement. The authors thank F. Aicardi for the picture which illus-
trates the construction of diagonal functions.
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